For X ⊆ V (G), we let G [X] denote the subgraph of G induced by X. For terms and symbols not defined here, we refer the reader to [1] .
Let again G be a graph. For two subsets X, Y of V (G), we say that X dominates
. A subset S of V (G) is a dominating set of G if S dominates V (G), and S is an independent dominating set of G if S is a dominating set of G and S is an independent set of G. The minimum cardinality of a dominating set (resp. an independent dominating set) of G is called the domination number (resp. the independent domination number) of G, and is denoted by γ(G) (resp. i(G)). Various properties of the domination number and the independent domination number of graphs were explored in [2, 4] . 
They conjectured that it can be improved the case where ∆(G) ≥ 6 in Theorem A as follows.
Conjecture 1 (Rad and Volkmann [5]) For a graph G, i(G)/γ(G)
However, there exist counterexamples of Conjecture 1. Let ∆ ≥ 1 be a square integer, and write ∆ = m 2 . Let G ∆ be the graph obtained from a complete graph of order m by adding m 2 − m + 1 pendant edges to each vertex (see Figure 1 ). Then we
In particular, for a square integer ∆ ≥ 9, we have
the disjoint union of n copies of G ∆ ), there exist infinitely many counterexamples G of Conjecture 1 satisfying ∆(G) = ∆).
In this paper, we give a sharp upper bound of the ratio i(G)/γ(G) for graphs G which improves the case where ∆(G) ≥ 6 in Theorem A. 
Proof of Theorem 1.1
In this section, we show Theorem 1.1.
By tedious calculations, we have the following lemma (and we omit its detail).
Lemma 2.1 Let ∆ ≥ 0 be an integer, and let f (x) =
be a function. Then
Proof of Theorem 1.1. Let G be a graph , and let D be a minimum dominating set of G. We recursively define a graph G i and a vertex x i as follows: Let G 1 =
G[D]
, and let
. Then X ∪ I is an independent dominating set of G, and so
Since D is a dominating set of G and
By (2.4) and (2.5),
This completes the proof of Theorem 1.1. □
Concluding remarks
By inspection, Theorem 1.1 is weaker than Theorem A for the case where ∆(G) ∈ {3, 5}. However, in such case, we can also show Theorem A by using the proof technique of Theorem 1.1.
